Abstract. We describe a formula for the Taylor series expansion of the Gaussian kernel, in the space-time variables and around the origin of R n × R, when n ≥ 1.
Introduction
The formulae for the power series expansion at the origin of the fundamental solution of the Laplace operator in R n , n ≥ 2, are well known. When Γ(x, y) = 1 ω n (2 − n) |x − y| 2−n , ω n is the surface measure of the unit sphere S n−1 in R n and n > 2, or when Γ(x, y) = 1 2π log |x − y| and n = 2, the following hold:
(1.1) ϕ(x) = R n Γ(x, y)△ϕ(y) dy , when ϕ ∈ C ∞ 0 (R n ) ,
x ′ (y ′ ) , when 2k + n − 2 > 0 , 1 2π log |y| , when 2k + n − 2 = 0 .
Here, x ′ = x/|x| and Z (k)
x ′ (y) is the zonal harmonic of degree k, i.e., the kernel of the projection operator of L 2 (S n−1 ) onto the spherical harmonics of degree k ≥ 0. Recall that the the spherical harmonics of degree k ≥ 0, are the eigenfunctions of the spherical Laplacian in S n−1 and corresponding to its eigenvalue, k(k + n − 2). See [8, (2. 17)] for (1.1) and [11, Chapter IV] for in (1.2) and (1.3).
, is a homogeneous harmonic polynomial of degree k (i.e., △E k = 0 and R n \{0}, which is homogeneous of degree, 2−k −n. In fact, |y|
and that, for all ϕ in
For fixed y = 0, the formula in (1.2) is the Taylor series expansion of Γ(x, y) around x = 0. It contains relevant information, which has had a great impact over the mathematics of the 19th and last century and among other applications, it has shown to be useful to obtain sharp results of strong and weak unique continuation type for elliptic operators in R n . This can be seen in [9] , [15] and [10] . The Gaussian kernel
and zero otherwise, is the fundamental solution of the heat operator in R n+1 , i.e.
As far as the author knows (and it is rather a surprising), nobody has written down and published an explicit formula for the Taylor series expansion of G(x, t, y, s) around the origin of R n+1 , when (y, s) in R n+1 and s < 0 is fixed. The purpose of this note is to fill in this gap.
To simplify the notation, we choose to give the formula for the Taylor series expansion of the fundamental solution of the backward heat equation,
, when t < s , 0 , when t > s , when s is positive and (y, s) is fixed. The Taylor series for the Gaussian kernel follows from the identity
The Hermite functions, h k , are defined as
, where H k is a Hermite polynomial of degree k. The Hermite polynomial H k , is an even function, when k is even and an odd function, when k is odd. The Hermite functions on R n , φ α , α = (α 1 , . . . , α n ) in N n , are the product of the one-dimensional Hermite functions h αj , j = 1, . . . , n
They form a complete orthonormal system in L 2 (R n ) and if, H = △ − |x| 2 , is the Hermite operator, Hφ α = − (2 |α| + n) φ α , where |α| = α 1 + · · · + α n . The kernel
is the kernel of the projection operator of L 2 (R n ) onto the Hermite functions of degree, k ≥ 0, and for all ϕ ∈ C 
The Appell transformation maps backward caloric functions into forward caloric functions.
A calculation shows that,
is backward caloric and in fact, it is a backward caloric polynomial in the (x, t)-variables, which is homogeneous in the parabolic sense of degree k = |α|, i.e.,
2 /8s , is forward caloric and is the Appell transformation of Q α . Having gathered all this data, it is now possible to describe and write down the Taylor series expansion of the backward Gaussian kernel (1.4) at the origin of R n+1 .
Theorem 1. The following identity holds, when t < s, s > 0, and x, y are in R
The proof of Theorem 1 is in section 2 and it is by now trivial. It follows from a well known identity: the generating formula for the kernels, Φ k (See (2.1) below).
The commetaries in [12, pp. 582-583] , which are made with the purpose to explain the reader a simple approach to prove the identity (2.1) and in particular, the reference [6, pp. 335-336] , show that Theorem 1 was already known, though not explicitly written down and published.
The reader should observe, that the approach suggested in [12, pp. 582-583] , to prove the identity (2.1), follows precisely the inverse path of the one followed in section 2 to prove Theorem 1. Thus, the result in Theorem 1 was probably known to W. Feller and is known by E.M. Stein.
In the same way as the formula for the Taylor series of the fundamental solution of the Laplace operator has been useful to derive results of unique continuation for elliptic operators, Theorem 1 is what is behind the positive results of unique continuation for parabolic equations in [3] , [5] , [7] , [4] and [13] .
The argument is section 2 gives a clue of how to proceed to find the Taylor series expansion of the fundamental solution of the Schrödinger equation, △ + i∂ t , around the origin of R n+1 and the corresponding building pieces of the solutions of the Schrödinger equation: "the Schrödinger polynomials homogeneous of degree k ≥ 0".
Proof of Theorem 1
Proof. Recall the generating formula for the projection kernels, Φ k [14] (2.1) Replace x by x/2 √ t, y by y/2 √ s and take ξ = t/s in (2.1), when 0 ≤ t < s. when 0 ≤ t < s, s > 0 and x, y are in R n , and Theorem 1 follows.
